The wave finite element method has previously been used to understand the various types of wave in a passive cochlear model. In this paper the model is extended to give an initial representation of an active cochlea by making the real and imaginary components of the Young's modulus, that defines the local dynamics of the plates representing the basilar membrane, position and frequency dependent. At a given excitation frequency the distribution of the Young's modulus is chosen so that the mechanical impedance of the plate elements correspond to that obtained from a lumped parameter model of the active cochlea. The types of wave predicted in this representation of the active cochlea are similar to those observed for the passive cochlea model and consist of a fast wave, a slow wave and a large number of higher-order fluid modes, which are evanescent. Although the results of the full finite element analysis for this active model are very different from the passive one, the decomposition into wave components still shows that the slow wave dominates the response along most of the cochlear length, until the response peaks, when a number of higher-order fluid modes are locally excited.
INTRODUCTION
Most descriptions of the mechanical response of the cochlea involve the forward propagation of a single, "slow", wave (Zweig et al., 1976; de Boer and Viergever, 1984) . This wave is generated by an interaction between the inertia of the fluid in the chambers of the cochlea and the stiffness of the basilar membrane, BM, and can be reproduced using simple one-dimensional box models (de Boer, 1996) . Since the properties of the cochlea, particularly the BM stiffness, vary along its length, the properties of this slow wave are positiondependent when excited at a given driving frequency. These properties can be characterised at each position along the cochlea by a complex wavenumber, whose real part determines the wave speed and whose imaginary part determines the spatial attenuation of the wave.
This paper uses a method of analysing a detailed numerical model of the cochlea into its constitutive wave components, using the wave finite element method (Elliott et al., 2013) . The main difference between this and previous work, however, is that we are not seeking to select a single wave type, in order to improve the computational efficiency of the model by adopting a WKB approach, but are using the calculated properties of these different wave types to decompose the results of a full finite element analysis into individual wave components. We have previously shown that the results of the full finite element model of a passive cochlea can be accurately represented over most of the cochlear length by the forward propagation of a single slow wave (Elliott et al., 2013) . The response beyond the peak involves multiple wave types, however, as predicted by Watts (2000) , which are identified as higher order acoustic waves in the fluid coupling. The aim of this paper is to demonstrate a simple method of extending this model to represent the active cochlea and to investigate the wave components of the finite element results in this case.
II FINITE ELEMENT MODEL
A finite element version of the cochlear box model, as shown in Figure 1 , is obtained by dividing its length into 512 elements, in the x direction, and each fluid chamber into an 8×4 grid of hexahedral elements, in the y×z directions. Using symmetry it is only necessary to include a single fluid chamber in the numerical model. The BM within each of the 512 elements is modelled as a 4 element thin plate strip, with no longitudinal coupling between each plate. Each plate thus vibrates independently in the absence of the fluid and provides a locally reacting model of the BM. 
Full Finite Element Model
The cochlear model can be represented by a fluid-structural coupled system (Elliott et al., 2013) . The modal BM velocity at the n-th position can then be estimated from the radial BM displacement distribution at this position. For the model of the passive cochlea, the Young's modulus of the thin plate elements representing the BM is real and frequency independent, but changes along the length of the cochlea to reproduce the tonotopic spread of natural frequencies.
In the active model reported here, the Young's modulus is made complex and frequency dependent, so that its impedance matches that of a lumped parameter model of the active cochlea. The active cochlear model suggested by Neely and Kim (1986) , whose micromechanical structure is illustrated in Figure 1 of Elliott et al. (2007) , has two degrees of freedom. In this model, the basilar membrane and the tectorial membrane are coupled and driven by both fluid pressure and a pressure source due to mechanical force generated by the outer hair cells (OHCs). In this paper, an equivalent Young's modulus is defined to represent the active process of the BM in the finite element model. The modal impedance of the BM, Z BM , is given for the plate elements representing the BM, Z BM , are given by
where BM m is the assumed mass of the BM and BM s is the assumed stiffness, given by
In previous work E has been assumed to be real and frequency independent. In this paper we re-define BM Z to be the same as impedance of Neely and Kim's (1986) 
where h is the BM thickness and X is Poisson's ratio. Note this equivalent Young's modulus is a complex number and the effect of damping has been included. Figure 2 shows the modal BM velocity, calculated from the full finite element analysis, when driven by a tone of 1 kHz at the stapes, for both the passive model, where the gain, γ, equal zero in the Neely and Kim model and for the fully active model, where γ=1. The peak value of the BM velocity is nearly 40 dB larger for the active case than that for the passive case, in agreement with measured data (Robles and Ruggero, 2001) 
Wave Finite Element
In the present model of the cochlea, the BM is assumed to react only locally, so that longitudinal coupling only occurs via the pressure in the fluid chambers. This FE model can then be "condensed" as described in Elliott et al. (2013) , so that the velocities on the left and right side of an element, as shown in Figure 1 (c) can be written in terms of the forces on both sides as
which can be rearranged to express the pressure and volume velocities on one side of the segment in terms of these on the other side 
where ' is the length of the segment.
Using the wave finite element method, the wavenumbers are thus obtained directly from the eigenvalues of the transfer matrix. By calculating the inner products of the left eigenvectors for one element with the right eigenvector for the adjacent element (Houillon et al., 2005; Duhamel et al., 2006) , it is then possible to track which eigenvalue, and hence which wavenumber, is associated with each mode travelling along the cochlea. Figure 3 shows the variation with longitudinal position of the real and imaginary parts of the wavenumber associated with some of the different waves that can propagate along the discrete cochlear model at 1 kHz with an active gain of 0 and 1. These have been chosen as the waves with the least-negative imaginary component of the wavenumber. There are half as many forward-going waves calculated as there are degrees of freedom, 90 in this case, but the others have even larger negative imaginary wavenumbers and decay away very rapidly.
The waves for the passive case, with gain equal to 0, have negative imaginary wavenumbers and are thus forward travelling waves. Only the wave labelled 1 in Figure 3 has a small imaginary part to its wavenumber at the base in the passive case, and is thus able to propagate any significant distance along the cochlea. In the active case the imaginary part of the wavenumber for this wave is positive just before the peak position, demonstrating that the wave is amplified at these locations.
This wave has a radial BM velocity distribution that is similar to the first bending mode and corresponds to the conventional "slow wave" in cochlea mechanics, where the stiffness of the BM interacts with the inertia of the fluid in the chambers. Waves 2 to 4 correspond to higher-order fluid modes which have a similar BM velocity distribution to mode 1, but a significantly negative imaginary component in their wavenumbers. The pressure distributions at x=15 mm in the upper chamber are shown in Figure 4 for wave 1 to 4, showing that wave 1 is a plane acoustic wave and others are higher order acoustic modes. The shapes are similar in the passive and active case. 
III DECOMPOSITION INTO WAVE COMPONENTS
We now consider a decomposition of the results of the full finite element analysis into wave components, as described in Elliott et al. (2013) . The contributions to the overall modal BM velocity distributions, due to each of the forward going waves selected in Figure 3 , are plotted in Figure 5 . The calculated contribution from wave 1 is seen to be in reasonable agreement with the full finite element results for the passive case, with γ=0. This is also true for the active case, with γ=1, except for positions just beyond the peak response, where the contribution of wave 2 begins to dominate the overall response. The contribution of wave 2, which is an evanescent higherorder fluid mode, decays away on either side of this peak, as do the contributions of wave 3, 4 and 5, although the amplitudes of these waves are too small to significantly affect the overall response. 
IV DISCUSSION AND CONCLUSIONS
The wave finite analysis that has previously been used to decompose the finite element results for a passive cochlea (Elliott et al., 2013) has been used here to analyse the results from a simple finite element model of the active cochlea. This active model uses the same elements as the passive one, but simulates the active impedance by using a complex and frequency dependent Yong's modulus in its finite element model of the BM. The BM velocity distributions and fluid chamber pressure distributions for the first few waves, which propagate with least attenuation, are similar in the active and passive cases. This is perhaps not surprising since the same finite element model is used for both, even though the material properties are different.
The real part of the wavenumber for the slow wave, wave 1, has a higher peak value for the active model, indicating a smaller wavelength. The most significant difference, however, is that the imaginary part of the wavenumber for the slow wave is positive just before the peak position, showing that the wave is amplified here. This gives rise to a larger peak of BM velocity in the coupled response, as expected. It is interesting, however, that the decomposition of this coupled active response into wave components indicates that it is dominated by the contribution from the slow wave until just beyond the peak position, when a higher order fluid wave is dominant, as previously found in the case of a more lightly damped passive cochlea (Elliott et al., 2013) , and as predicted by Watts (2000) .
Future work will include implementing a more detailed micromechanical structure into the finite element model of the organ of Corti, with feedback from the sterocillia deflections to the forces generated by the outer hair cells. This should give a similar BM impedance to that used here, since this is what gives the required amplification, but will provide greater scope for longitudinal coupling along the cochlea and thus the possibility of a greater variety of wave types. 
